Abstract. In this work we give some new results on the complete abstract second order differential equation of elliptic type in non homogeneous case. The existence, the uniqueness and the maximal regularity of the strict solution are proved under some natural assumptions which imply the ellipticity of the differential equation.
Introduction
In this paper, we study the following second order abstract differential equation where ψ, ψ and f(t) belong to a complex Banach space E, and A, Β are two closed linear operators with domains D(A), D{B). We are interested in the existence, uniqueness and maximal regularity of the strict solution it when / is regular ( for instance / is Holder continuous function ). We recall that u e C([0,1]; E) is a strict solution of (1) - (2) (See the proof of Theorem 1, the end of statement i)).
Equation (1) Then we can choose in Ε = L P (R), 1 < ρ < 00, the operators A, Β defined by Γ D(B) = W 1 
'P(R), (Bu) (x) = bu'(x), Vu 6 D(B) \ D(
So, our objective is to have an unified study for the problems of type (l)- (2) in general case.
Several authors have studied equation (1) when it is regarded as an abstract Cauchy problem, that is under the following initial data u(0) = φ, u'(0) = V· See, for instance, Favini [4] , Neubrander [10] , Liang and Xiao [7] . The techniques used in these papers are based on the parabolicity of (1) , that is on the Cauchy's data. In our study, hypotheses (H2) and (i/4) express the ellipticity of (1) and generalize the one used in Krein [5] in the case Β = 0. In example (3) these two assumptions are equivalent to (4) . So it is difficult to reduce equations (l)-(2) to some first order system. When Β = 0, Labbas [6] has studied problem (l)-(2) and has given necessary and sufficient conditions on φ, ψ, /(0) and /(1) for having a unique strict solution when / is Holder continuous function. In this work we generalize these results since all the hypotheses considered here, coincide with those used in [6] in the case Β = 0. Note that assumptions (Hi), (H2), (#3) allow us to apply the sum theory of linear operators as in Da Prato-Grisvard [1] and we have ϋ Α (θ\ +oo) = Ό {α _ Β 2)(Θ·, +oo) Π Ώ Β *{Θ\ +00) (see Grisvard [3] ). In section 2, we build the natural representation of the eventual solution of the problem (l)-(2) by using the operational calculus and the Dunford's integral.
In section 3, we prove an essential lemma, which allow us to justify and to study the optimal smoothness of the previous representation; we then give necessary and sufficient conditions on φ, ψ, /(Ο) and /(1) for having a strict solution when / is Holder continuous function.
Finally, in section 4, we give some concrete examples in different spaces, to which our abstract results can be applied.
Construction of the solution
If A and Β axe two scalars such that Β 2 -A = -λ is strictly positive, then the solution of (1) 
XI) Φάχ
Here ν^-λ is the analytic determination defined by Re\f-\ > 0. From the easy relation -e-^d-O' /l-e -2y/-Mi-t)\ we deduce that there exists two constants Co and KQ such that
On the other hand, for any / G C ([0,1]; Ε), we can see that ι
According to (Hi), (Hi) and estimates (6), (7) all the integrals in (5) converge absolutely for every t € ]0,1[.
Smoothness of the solution
Consider, for ψ and ψ in E, the following two integrals
Then we have the essential lemma jÄrflAMILylU^ K\\Ly\\E
Now, from the equality
-B, L)<p -U(t, -Β, L)y + U(t, -B, L)y -y + y -φ,
and the estimates (9), (10) we deduce that
The continuity in t > 0 is easily verified.
Conversely, that U{., -B, L)<p6 C([0,1]; E). Then \imt^0+U(t,-B,L)ip exists and is necessarily equal to φ\ however

9^(t)e-tB (L-XI)-^eD(L), which implies that U(t,-B, L)tp € D(L).
For statement iii) it is enough to substitute 1 -t for t. We may write I2 as ij = (i " 
) belongs to C([0, !.];£) if and only if Αφ, Αψ, f{0) and /(1) belong to D(L), iii) Au{.) belongs to C 2e {\0,1]; E) if and only if Αφ, Αψ, /(0) and f{ 1) belong to Dl(0·, +oo).
Furthermore, if (11)
Βφ G DL{e + 1/2; +oo) and Βφ G DL{9 + 1/2; +oo), 
]; E) if and only if Β 2 φ and Β 2 ψ belong to D(L), vi) Bu'{.) G C 26 {\0,1]; E) if and only i}Β 2 φ,Β 2 φ belong to DL(0·, +oo).
Proof. Statement i). The study of the first and second integral in representation (5) is identical since t and (1 -t) have the same role. So we can assume that ψ = 0. Moreover, if in the third integral in (5) we write f(s) = (f(s) -f(t)) + f{t), then, after two integrations by parts, we get e-tB u{t) = -\g^{t){L-XI)~^dX
7
P~t B , --2-S gjzxML -XI)-\B 2 + XI)-1 m dX
All these integrals converge absolutely. From Lemma 1 and (Η4), we deduce that the first integral αϊ belongs to D(A). Writing A = L + B 2 = (L -XI) + (Β 2 + XI) and using (Η4) we obtain
A(L -\I)-\B 2 + XI)~lf(t) = (L-XI)-1 f{t) + (B 2 + XI)~1f(t), which implies, as for the first integral, that 02 and 03 belong to D(A).
For a4, we use in) of (#5), getting Statements ii) and iii). We have
-2~ S S <vrx(t, -XI)-l(f(s) -f(t)) ds dX + f(t)
= Σ>(*)+/(<)• 
>=1
Using the fact that in the first integral ci (since 0^r<s<t^l) -|A| l/2 c0(t-*) iting C2 as
Wf\\c,HE).
C3 + C4, we write Then ß generates a bounded Co-group on Co(R) (see Nagel [9] , p. 9)). In this case we have Z? L (0; +oo) = C 2Ö (R) Π C 0 (R). We can also consider cases of spaces defined on bounded sets.
